Let's first find the intercepts for this function.
The y-intercept is the peint (0, £ (0)) = (0,2).

For the x-intercepts we set the numerator equal to Zero and solve. However, in this case the numerator is a constant (-4
specifically) and so can't ever be zero. Therefore, this function will have no z-intercepts.

Hide Step 2 =

We can find any vertical asymptotes be setting the denominator equal to zero and solving. Doing that for this function
gives,

r—2=0 —= =2
So, we'll have a vertical asymptote at & = 2.

Hide Step 3 =

For this equation the largest exponent of & in the numerator is zero since the numerator is a constant. The largest
exponent of z in the denominator is 1, which is larger than the largest exponent in the numerator, and so the x-axis will be
the horizontal asymptote.

Hide Step 4 =

From Step 2 we saw we only have one vertical asymptote and so we only have two regions to our graph - @ < 2 and
=2

We'll need a point in each region to determine if it will be above or below the horizontal asymptote. Here are a couple of
function evaluations for the points.

f(0)y=2 - (0,2)
f(3)=-4 —  (3,—4)

MNote that the first evaluation didn't really need to be done since it was just the y-intercept which we had already found in
the first step. It was included here mostly for the sake of completeness.

Hide Step 5~

Here is a sketch of the function with the points found above. The vertical asymptote is indicated with a blue dashed line
and recall that the horizontal asymptote is just the z-axis.
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Let’s first find the intercepts for this function.

The y-intercept is the point (0, £ (0)) = (0, 6).

Far the z-intercepts we set the numerator equal to zerc and solve. Doing that for this problem gives,
6—-2xr=0 — =x=3

So, the only z-intercept for this problem is (3,0).

Hide Step 2+

We can find any vertical asymptotes be setting the denominator equal to zero and solving. Doing that for this function gives,
1—-z=0 —» =z=1

So, we'll have a vertical asymptote at z = 1.

Hide Step 3+

For this equation the largest exponent of z in both the numerator and denominator is 1. Therefore, the horizontal asymptote for this
problem is then the coefficient of the x in the numerator divided by the coefficient of the x in the denominator. Or,

y—_—l—

Hide Step 4=

From Step 2 we saw we only have one vertical asymptote and so we only have two regions to ourgraph ¢ < land z > 1.

We'll need a point in each region to determine if it will be above or below the horizontal asymptote. Here are a couple of function
avaluations for the points.

f)=6 = (0,6)
=0 - (30

Mote that both of these are the intercepts we found in the first step. In this case they both just happened to be on either side of the vertical
asymptote and so we could use these two points here.

Hide Step 5=

Here is a sketch of the function with the points found above. The vertical and horizontal asymptotes are indicated with blue dashed lines.
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Let's first find the intercepts for this function.

The yintercept is the paint (0, £ (9)) = (0, 3)-

For the z-intercepts we set the numerator equal to zere and solve. However, in this case the numerater is a constant (3 specifically) and so can't ever be zero.
Therefore, this funclion will have no e-intercepis.

Hide Srap 2

We can find any vertical asymptoles be sefting the denominator equal te zero and solving. Deing that for this function gives,
iz 6=(z+3)(x—2)=0 ¥ X 3, =2

So, we'll have twe verlical asymptoles at = Jandz = 2.

Hide Srep 3+

For thiz equation the largest exponent of T in the numerator is zero since the numerator is a constant. The largest exponent of T in the denominator is 2, which is larger
than the largest exponent in the numerator, and so the z-axis will be the horizontal asymptote.

Hide Srapd =
From Step 2 we saw we only have two vertical asymptotes and s0 we have three regionsfoourgragh -2 = —3. -3 <z < 2and z > 2.

We'll need a point in each region to determing if it will be above or below the horzontal asymptote.

Also, as we discussed in the notes. thers are a couple of possible different behaviors in the middle region. To determine just what the behavioris we neadtoget a
couple of points in this region. The best idea for peints in the middle region is check a couple of points close to the vertical asymptotes we know if the edge is going to be

above ar below the horizontal asymptots.

Here are some function evaluatiens for the peinis.

Flo4) % N (4.;)

()2 (5
3)-5 > &3
£3) % ; (3%)

From the second and third points we see that the curve in the middle region should be below the horizontal asymptote (z-axis for this problem) at both edges and so the
curve will be completely below the horizontal asymptote in this whole region.

Hide Srap 5+

Here is a skeich of the funclion with the points found above. The verical asymplioie is indicated with a blue dashed line and recall that the horizental asymplote is just
the r-axis.
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Lef's first find the intercepis for this function.
The gintercept is the paint (0, f (0)) (n, %)
For the z-intercepts we set the numerator equal to zere and solve. Doing that for this problem gives,
4r 36-0 > =9 » T 43
Sa. the two Z-intercepts for this problem are (3, 0) and (3, 0).
Hids Srep 2 =
We can find any verfical asymptoles be setting the denominator equal to zero and solving. Doing that for this function gives,
f 2r B (zx12)(x4)-0 »oT— -2 T4
So, we'll have two verfical asymptotes at = 2andz — 4.
Hids Srep 3 =

For thiz equation the largest exponent of £ in both the numerater and denominator is 2. Therefore, the horizontal asymptote for this problem is then the coefficient of the
z? in the numerator divided by the cosfficient of the 2% in the denominatar. COr,

4

— =4

v 1

Hide Srep d *
From Step 2 we saw we only have two vertical asympiotes and so we have three regions foourgraph -z < -2, 2 < r< 4dandx > 4
We'll need a point in each region to determine if it will be above or below the horzontal asymptote.
Also, as we discussed in the notes. there are a couple of possible different behaviors in the middle region. To defermine just what the behavior is we need o get a
couple of points in this region. The best idea for points in the middle region is check a couple of peints close to the vertical asymptotes we know if the edge is going to be
above or below the horizontal asymptote.

Here are some function evaluations for the points.

fl-3) =0 » (-3,0)
-2 ()
f(3)=0 »o(5.0)

=% o (5, %)
From the second and third points we see that the curve in the middle region should be below the horizontal asymptote at the right edge and above the horizontal
asymptote at the left edge and so the curve will cross the harizontal asymptote in this region.
Also note that we used the two z-intercepts here because they worked out to be good choices for points fo use.
Hids Srep 5 =

Here is a skefch of the function with the points found above. The vertical and horizontal asymptotes are indicated with blue dashed lines.

5-c
6-a
7-d
8-b
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To fulfill these conditions, we can construct a rational function. First, we need to
examine what these conditions mean for that type of a function.

a. When the horizontal asymptote of a rational function is a nonzero constant,
that means that the degree of the numerator is equal to the degree of the
denominator. The value of this constant is the ratio of the leading coefficients.
Thus, the numerator and denominator of this rational function must have the
same degree, and the ratio of their leading coefficients must be 2.

b. Since the discontinuity at 2 isn't a vertical asymptote, the numerator and
denominator must both equal zero when x equals 2. Thus, the term £ — 2 must
be present in both.

€. Since there aren't any other discontinuities or asymptotes, the denominator
cannot be zero anywhere else. The easiest way to ensure this is to not add any
other expressions besides what we've already defined needs to be there.

The maost simple rational function that satisfies these requirements is:

2(z —2)
oz —2
B 2r — 4
-2

The degree of the numerator and denominator are the same, and the ratio of the
leading coefficients is 2, so the horizontal asymptote of y = 2 exists. The
numerator and denominator are both zero at 2 = 2, so this is a discontinuity but
not a vertical asymptote. The denominator is not zero anywhere else, so there
are no other discontinuities or asymptotes. Therefore, this function meets our
requirements.
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The graph given has two vertical asymptotes, at 2 = —3and atx = 6, and a
horizontal asymptote, at y = —3. Thus, we need to construct a function that
would have these three asymptotes. Let's begin with the two vertical asymptotes.

A function may have a vertical asymptote when the denominator equals zero.
Thus, we need to construct a function where the denominator equals zero for the
two given values of x above. The factored polynomial below does just that.

(z + 3)(z — 6)

MNext, let's ensure that a horizontal asymptote exists where we want it. Since the
horizontal asymptote is a nonzero constant, we know that the numerator and
denominator have to have the same degree. Otherwise, the horizontal asymptote
would be zero or non-existent. The ratio of the leading coefficient of the
numerator and the leading coefficient of the denominator must equal the value
of this asymptote. However, since making this ratio negative would flip the graph
of the function across the x-axis, we need to change our method for ensuring this
asymptote slightly. Instead, we will use a ratio of the leading coefficients that
equal 3, and then we can shift the graph accordingly by subtracting 6. This moves
the graph down six units, which moves the asymptote from positive to negative 3.

Since the denominator is a quadratic expression and has a leading coefficient of
1, we can put this information together to define the following function.

3t
'ﬂz] - (z+3)(z—6) — 6

Lastly, we need to ensure that the vertical asymptotes still exist and equal the
values intended. The only way that these asymptotes would not occur as we
defined them would be if any term in the denominator cancels with any term in
the numerator. 5ince this is not possible with how we constructed this function,
we have indeed found a possible function that describes the behavior of this

graph.
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Explanantion

Asymptotes:
If lim f(z) =LOR lim f(z)= L,thenfhas ahorizontal asymptote at y=L.

I—+x0
With rational functions, we can follow these rules:

(1) If the degree of the function in the numerator is bigger than the degree of the
function in the denominator, then the function will not have any horizontal
asymptotes. (This is because the leading term in the numerator will dominate as
¥ gets really large, and thus the limit as described above will be positive or
negative infinity.)

(2) if the degree of the function in the denominator is bigger than the degree of
the function in the numerator, then the function will have a horizontal asymptote
at y=0. (This is because the leading term in the denominator will dominate as x
gets really large, and thus the limit described will be zero.

(3) If the degree of the function in the numerator is equal to the degree of the
function in the denominator, then you divide the leading coefficient of the top by
the leading coefficient of the bottom to get a, and y=a is the horizontal
asymptote. (This is because the leading terms of the numerator and the
denominator will dominate the function, and the ™ will cancel out and leave you
with just the coefficients.

Any value a for which lim, ..« f(z) = +ooor lim_ ,, f(z) = +ooisa
vertical asymptote of the function.

__ Ppl)
q(z)

If g(a) = 0, but p(a) # 0, then we say that x=a is a vertical asymptote for the
function.

Rational functions are a special case of this rule: Suppose f(x)



© Answer and Explanation:

First, we will factor this function. This will help us in many pieces of this problem.

o228 2z"-4) 2(z-2)(z+2)
ﬂm]_:ﬂﬂ—fm—ﬁ_ (z—6)(z+1) (z—6)(z+1)°

(a) Now, let us begin with the domain. We cannot divide by zero, so we need to
set the denominator equal to zero and solve. This will give us the values of x that
need to be excluded from the domain.

(z —6)(z+ 1) =0ifandonly ifz =6 and z = —1.

We can write the domain of the function as (—oo, —1) U (—1,6) U (6, 00).

(b) Now let us consider the intercepts.

To find the x-intercepts, we need to find out what values of x make the function
equal to zero. We need to set the numerator equal to zero and solve.

2(x —2)(z+2)=0ifand only ifz =2 and z = —2.

Thus, we can conclude (2, 0) and (—2, 0) are the x-intercepts for this function.

Mow to find the y-intercepts, we need to find the value of f(l])

Let's evaluate:

Thus, the y-intercept is (D, %) .

() Lastly, we will find the asymptotes.

To find the vertical asymptotes, we set the denominator equal to zero. Note that
none of these values simultaneously make the numerator zero, so both solutions
are in fact asymptotes.

r = 6 and & = —1 are the vertical asymptototes.

Next, to find the horizontal asymptote, we note that the degree of the numerator
is 2 and the degree of the denominator is 2. Thus, the horizontal asymptote will
occur at the value of the ratio of the leading coefficient of the numerator divided
by the leading coefficient of the denominator.

Y= %, or ¥ = 2 is the horizontal asymptote. H
-
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Rational Functions

A rational function is a function with the form f(z) = % where P(z) and
Q(x) are polynomials, and Q(z) # 0. The domain of a rational function is the
set of all possible real number values of & except the z-values that would make
the denominator equal to zero. Lastly, an asymptote is a line that approaches the
graph of a rational function but never actually meets it. There are two types
asymptote: vertical and horizontal asymptote, and the ways to solve them are

different.

© Answer and Explanation:

a) To identify the domain of the given function, we must solve the roots of the
denominator to know the restricted values of @:

2 —16=0 [Equate the denominator to zero]

2 =16 [Isolate the variable from the constant]

r=+4 [Square root both sides]
*z6

Therefore, the domain of the function g(z) = = is all real numbers except

716
+4.

b) To solve for the x-intercept, we must let g(x) = 0, letting the numerator be
equal to zero and we solve for the values of z:

22—z —6 -

— =0 [Equate the function to zero]
z? — 16

2 —z-6=0 [Equate the numerator to zero]

(x—3)(z+2)=0 [Factor the polynomial]

sx=3,-2 [Equate each factor to zero and get the roots]

These values of x will become the x-coordinate of the x-intercepts. Therefore, the
x-intercepts of this function are (0, 3) and (0, —2).

To solve for the y-intercepts, we need to let & = 0 then solve for u:

(0)? - (0) -6
YT 0216 [Let x=0)
Y= __—lE; [Solve for y]
Y= g [Simplify]



This value of y will become the y-coordinate of the y-intercept. Therefore, the y-
intercepts of this function is {%, 0)

r
c) If we are given a rational function f(z) = % its vertical asymptote are
found at the zeros of Q(z). Based from our solution in (a). the zeros of the
denominator of our function are @ = +4. That means, the function has vertical

asymptotesatz = 4dandz = —4.

On the other hand, the horizontal asymptotes of a rational function can be
deduced from the degrees of the polynomials P(z) and Q(z):

i. If the degree of P(z) is less than the degree of Q(z). the function has a
horizontal asymptote at y = 0.

ii. If the degree of P(x) is more than the degree of Q(z), the function has no
horizontal asymptote.

iii. If the degree of P(z) is equal to the degree of Q(z), the function has a
horizontal asymptote at y = %

P(z) and Q(z), respectively.

.where 4 and B are the leading coefficients of

Motice that from the given function, the degrees of both the numerator and
denominator are equal to 2, which means that it follows the third rule for
horizontal asymptote. Both their leading coefficients are also equal to 1. This
means that the function has a horizontal asymptote at y = 1.
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It s0 happens that this function can be simplified as:

22— —2
.
_(@-2)(+1)
r—2
_(@-2)@@+1)
(z-2)

=r+1



Then the full answer is:
domain: x #2
vertical asymptotes: none
horizontal asymptote: none

slant asymptote: y=x + 1



